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Abstract: In this paper, we have developed an analytic method for
describing Airy-type beams truncated by finite apertures. This new ap-
proach is based on suitable superposition of exponentially decaying Airy
beams. Regarding both theoretical and numerical aspects, the results here
shown are interesting because they have been quickly evaluated through a
simple analytic solution, whose propagation characteristics agree with those
already published in literature through the use of numerical methods. To
demonstrate the method’s potentiality three different truncated beams have
been analyzed: ideal Airy, Airy-Gauss and Airy-Exponential.
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1. Introduction
In the last five years, significant attention has been paid to a new nondiffracting beam: the
Airy Beam[1–7], which is a solution of the wave equation under paraxial approximation and
it is characterized by unique properties. Contrary to Bessel and Mathieu beams that keep their
transverse shapes only, the Airy beam maintains that property but also it is observed that its
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main spot propagates according to a parabolic trajectory, which gives the idea of a bent propa-
gation or a self-accelerated beam.
Like every ideal nondiffracting wave, the ideal Airy Beam can propagate over infinite
distance resisting the diffraction effects, but it presents an infinite power flux through any
plane orthogonal to the propagation direction. To overcome this problem, Siviloglou and
Christodoulides [1] obtained a finite energy Airy beam solution given by an ideal Airy beam
modulated by an exponential decaying function at z = 0. Another possibility is to perform a
spatial truncation on the ideal Airy beam (finite aperture generation). Actually, the spatial trun-
cation is the most effective and realistic option, since every beam must be generated by finite
apertures.
Since its discovery, the Airy beams have been studied using different numeric [2], experimen-
tal [3, 7] or analytic [8–11] technics. However, until now, to the best of our knowledge, no one
has developed an analytic method for describing the propagation characteristics of Airy-type
beams when truncated by finite apertures.
In this paper, we will present the first effort in this direction, describing the propagation
of truncated Airy-type beams in a homogeneous medium through an analytic approach. The
method described here is based on a suitable superposition of exponentially decaying Airy
beams. To support the method, three different truncated beams have been analyzed: ideal Airy,
Airy-Gauss and Airy-Exponential.
The results presented here are of interest in any possible application, theoretical or practical,
that make use of Airy-Type beams.
2. Analytic description for truncated Airy-type beams
In [1], Siviloglou et al. considered an initial field profile, at ζ = 0, given by
ψ(s,ζ = 0) = Ai(s)exp(as) (1)
as an initial condition to the 2D paraxial envelope equation, i∂ζ ψ +1/2∂ 2s ψ = 0, obtaining the
following finite energy Airy beam
ψ(s,ζ ) = Ai(s− (ζ/2)2 + iaζ )exp(as− (aζ 2/2)− iζ 3/12+ ia2ζ/2+ isζ/2) , (2)
where s = x/x0 and ζ = z/kx20 are the dimensionless transverse and longitudinal coordinates,
with x0 being the spatial spot size and k = 2π/λ0 the wavenumber of the optical wave. We shall
refer to the solution (2) as Airy-Exponential beam.
Before exposing our method, it is important to notice that our goal is to describe, analytically,
Airy-Type beams truncated by finite apertures at ζ = 0, i.e., we wish a solution describing
(approximately) the evolution of fields of the type Ψ(s,ζ = 0)=Ai(s)m(s)[θ(s+S)−θ(s−S)],
where m(s) is a function that modulates the Airy function within the finite aperture, −S ≤ s≤ S,
which is represented by the difference between the Heaviside functions θ(s+S) and θ(s−S).
Here, 2S = 2X/x0 is the dimensionless width of the aperture.
Now we start to develop our method by considering the initial field profile, at ζ = 0, as the
superposition




Bn Ai(s)exp(ans) , (3)
where Bn and an are complex constants. Of course the resulting field, Ψ(s,ζ ), emanated from
the plane ζ = 0, will be given by the superposition of Airy-Exponential beams:
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Bn Ai(s− (ζ/2)2 + ianζ )exp(ans− (anζ 2/2)− iζ 3/12+ ia2nζ/2+ isζ/2) .
(4)
Let us return to the initial field Eq. (3) and make the choice
an = aR + i2π n/L , (5)
where aR and L are positive constants. It is important to notice that aR is the same for all terms
in the summation. Therefore, the initial field is rewritten as:























exp(−aR s)m(s); for −S ≤ s ≤ S
0; for −L/2 ≤ s <−S and S < s ≤ L/2
(8)






exp(−aR s)m(s)exp(−i2πL ns)ds . (9)
Here, as we are going to see, m(s) is a function that will modulate the Airy function within the
finite aperture.
The reason for choosing I(s), Eq. (7), as given by Eq. (8) will become clear in the next step.













Ai(s)m(s) for |s| ≤ S
0 for S < |s| ≤ L/2
Ai(s)exp(aR s)I(s)≈ 0 for |s|> L/2
(10)
where I(s) is the expression given in Eq. (7) and so it repeats its values in periodic space inter-
vals. Since L/2 > S, for appropriate choices of L and aR we have that Ai(s)exp(aR s)I(s) ≈ 0
for |s| ≥ L/2 due to the behavior of the functions Ai(s) and exp(aRs) for positive and nega-
tive values of s, respectively. A simple rule for a good choice of values to aR and L is that
exp(aRL/2)>> Max[I(s)], with I(s) given by Eq. (8).
In this way, we have shown that the initial field given by Eq. (3), with an and Bn given by
Eqs. (5) and (9), can represent at z= 0 an Airy-type beam truncated by a finite aperture. Finally,
once the truncated Airy-type beam at z= 0 is described by Eq. (3), the resulting beam emanated
from the finite aperture will be given by Eq. (4).
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3. Applying the method to three truncated Airy-type beams
In this Section we shall apply our method to three situations involving Airy-type beams trun-
cated by finite apertures: the ideal Airy beam, the Airy-Exponential beam and the Airy-Gauss
beam. Obviously, we will use a finite number 2N+1 in Eqs. (3) and (4), with −N ≤ n ≤ N, and
it is important to notice that the choice of the values of L and aR in (5) is not unique; actually
there are many alternative sets of those values that yield excellent results.
In all examples we assume λ0 = 500nm, x0 = 100μm, X = 1.65mm, L = 50, aR = 0.1,
N = 60, and we remember that s = x/x0, ζ = z/kx20 and S = X/x0.
The results presented below are in perfect agreement with the numeric simulations made by
us and with those found in the literature [2]. Even more accurate results (mainly in the near
field) could be obtained by keeping the same values for L and aR and increasing the number of
terms (2N +1) in the series of Eqs. (3) and (4).
3.1. Analytic description of the truncated Ideal Airy beam
Let us consider an Ideal Airy beam truncated, at ζ = 0 (i.e., at z = 0), by a linear aperture of
width 2X ; i.e., Ψ(s,ζ = 0) = Ai(s)(θ(s+S)−θ(s−S)). At ζ = 0 this field is described by Eq.
(3), with an and Bn given by eqs.(5) and (9), respectively, and with m(s) = 1.
Fig. 1. Field intensity profile, at z = 0, of a truncated Ideal Airy beam described by Eq. (3),
with an and Bn are given by Eqs. (5) and (9) and m(s) = 1.
Fig. 2. (a)Intensity of an Ideal Airy beam truncated by a finite aperture, as given by Eq.
(4).(b) The same result depicted in orthogonal projection
Figure 1 shows the intensity of the field given by Eq. (3) and we can see that it represents, at
ζ = 0, the truncated Ideal Airy beam with high fidelity. The field emanated by the finite aperture
#171799 - $15.00 USD Received 3 Jul 2012; revised 2 Aug 2012; accepted 3 Aug 2012; published 15 Aug 2012
(C) 2012 OSA 27 August 2012 / Vol. 20,  No. 18 / OPTICS EXPRESS  19975
is given by Eq. (4), and its intensity is shown in Fig. 2(a). Figure 2(b) shows the orthogonal
projection of this case. As we can see, the truncated Ideal Airy Beam keeps the shape and
intensity of the ideal one (i.e. not truncated) until a certain distance, when it suddenly looses its
shape. This suggests that this kind of apodization (finite aperture) is more effective than those
made with exponential and gaussian functions, whose resulting beams suffer an intensity decay
from the beginning.
3.2. Analytic description of the truncated Airy-Exponential beam
Let us consider an Airy-Exponential beam truncated, at ζ = 0, by the same aperture of width
2X ; i.e., Ψ(s,ζ = 0) = Ai(s) exp(qs)(θ(s+S)−θ(s−S)), where we chose q = 0.05. At ζ = 0
the field is approximately described by Eq. (3), with an and Bn given by Eqs. (5) and (9),
respectively, and with m(s) = exp(qs).
Figure 3 shows the intensity of the field given by Eq. (3) and we can see that it represents
very well, at z = 0, the truncated Airy-Exponential beam. The resulting beam emanated by the
finite aperture is given by Eq. (4), and its intensity is shown in Fig. 4(a). Figure 4(b) shows the
orthogonal projection of this case.
Fig. 3. Field intensity profile, at z = 0, of a truncated Airy-Exponential beam described by
Eq. (3), with an and Bn given by Eqs. (5) and (9), m(s) = exp(qs) and q = 0.05.
Fig. 4. (a)Intensity of an Airy-Exponential beam truncated by a finite aperture, as given by
solution (4).(b) The same result depicted in orthogonal projection
3.3. Analytic description of the truncated Airy-Gauss beam
Now, we wish to consider an Airy-Gauss beam truncated by a linear aperture of width 2X ; i.e.,
Ψ(s,ζ = 0) = Ai(s) exp(−qs2)(θ(s+ S)−θ(s− S)), and q = 5x20/X2 = 0.018. This aperture
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possesses a size large enough to accommodate almost the entire power-flux of the Airy-Gauss
beam. At ζ = 0 this field is described by Eq. (3), with an and Bn given by eqs.(5) and (9)
respectively and with m(s) = exp(−qs2).
Figure 5 shows the intensity of the field given by Eq. (3) and we can see that it represents,
at z = 0, the truncated Airy-Gauss beam with high fidelity. The beam emanated by the finite
aperture is given by solution (4), and its intensity is shown in Fig. 6(a). Figure 6(b) shows the
orthogonal projection of this case.
Fig. 5. Field intensity profile, at z = 0, of a truncated Airy-Gauss beam described by Eq.
(3), with an and Bn given by Eqs. (5) and (9), m(s) = exp(−qs2) and q = 5x20/X2 = 0.018.
Fig. 6. (a)Intensity of an Airy-Gauss beam truncated by a finite aperture, as given by solu-
tion (4).(b) The same result depicted in orthogonal projection
4. Conclusion
In this paper we developed an analytic method capable of describing the propagation of Airy-
type beams truncated by finite apertures. This new approach is based on suitable superposi-
tions of Airy-Exponential beams and presents a simple analytic solution. We demonstrated the
method’s potentiality applying it to three different truncated Airy-type beams: the Ideal Airy,
the Airy-Gauss and the Airy-Exponential, but many others Airy-type beams can easily be de-
scribed with this analytic approach.
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